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Rates of Convergence of Gauss, Lobatto, and Radau
Integration Rules for Singular Integrands

By Philip Rabinowitz

Abstract. Rates of convergence (or divergence) are obtained in the application of Gauss,
Lobatto, and Radau integration rules to functions with an algebraic or logarithmic singularity
inside, or at an endpoint of, the interval of integration. A typical result is the following: For a
generalized Jacobi weight function on [—1,1], the error in applying an n-point rule to
f(x)=|x =y is O(n~2*2),if y = +1and O(n~'*®)if y € (—1,1), provided we avoid
the singularity. If we ignore the singularity y, the error is O(n~!*2%(log n)®(log log n)?1 *#))
for almost all choices of y. These assertions are sharp with respect to order.

1. Introduction. This paper is a sequel to that of Lubinsky and myself [2] on the
rates of convergence of Gauss integration rules for singular integrands. In this paper
we extend the results in [2] in several directions. On the one hand, we extend the
results for Gauss integration rules to results for Lobatto and Radau rules. This
extension follows easily from the generalized Markov-Stieltjes inequality for Lobatto
and Radau rules given in Lemma 3.2 and from a representation of the coefficients
(or weights or Cotes numbers) in the Lobatto and Radau rules in terms of the
coefficients in the Gauss rule with respect to a related weight function. A second
extension is to the special case of Gauss-Jacobi integration rules as well as Lobatto-
Jacobi and Radau-Jacobi rules for certain values of the parameters defining the
Jacobi weight function

(1.1) WA (x)=(1-x)"1+x)?, aBf>-1

In [2], there were some results for a, B = + 3. In this paper, there are similar results
for
(1.2) —1<a=f and -i<a,B<3
in the Gauss case, and for other ranges of « and § in the Lobatto and Radau cases.
These results are based on the results in [5], where convergence and divergence
theorems were proved for Gauss-Jacobi rules but no stress was placed on the rates of
convergence as in this paper and in [2]. Finally, in dealing with endpoint singulari-
ties, we generalize the weight functions considered in [2] to the generalized Jacobi
weight functions studied by Nevai and others [3].

Since this paper follows closely on [2], we shall only state the theorems generaliz-
ing those given therein but shall not, in general, give proofs, since they are almost
identical word-for-word with those in [2], the major difference being that we shall
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626 PHILIP RABINOWITZ

use w(x)dx in place of da(x) used in [2]. Of course, where there are some
differences in the proofs, we shall indicate this. In Section 2, we shall establish our
notation and introduce the integration rules. In Section 3, we shall prove the
generalized Markov-Stieltjes inequality for Lobatto and Radau rules (Lemmas 3.2
and 3.3), and an additional basic lemma. In Sections 4 and 5, we study rates of
convergence of our rules for functions with an interior singularity which satisfy
certain monotonicity conditions, in particular, the functions |x — y|"s, 0<8<1,
and —log|x — y|. In Section 6, we do the same for functions with endpoint
singularities. Finally, in Sections 7 and 8, we generalize the results of Sections 4-6 to
more general functions. This is the same structure as in [2], and will facilitate
reference to that paper.

2. Notation. Let [a, b] be a finite interval and r, s € {0, 1}. We shall be concerned
with the approximation of the integral

b
(2.1) 11f1= [ f(x)e(x) dx
by numerical integration rules of the form
n+s
(2.2) Llf]= 2 Aif(x,)-
i=1-r

Here, w(x) is a nonnegative weight function which is positive over a subinterval of
[a, b] (usually almost everywhere) and in L,(q, b), and is such that I[ f] is properly
or improperly Riemann-integrable. The points x,; are the zeros of

(1 +x)"(1 - x)"p,(x),

where p,(x) =k, x"+ ---, k,> 0, belongs to the family of orthonormal poly-
nomials with respect to the weight function
(2.3) B(x)=01+x)"(1-x)w(x),

and are ordered as follows:
=X, <Xy < o0 <Xy, <X, 0 = b
The coefficients A ,; are interpolatory and are given explicitly in terms of the p,(x)
by
(2.4) A=A +x,) " 0=x,)"F,  i=1,...,n,

where the X, are the Christoffel numbers

n—1 -1
(2.5) A= ( )y pi(xm»)) »i=l.n,
k=0

while if r=1, (b—a)'\,=1I((b— x)°)—Lj_;A,;(b—x,;)°, and if s=1,
(b= @) Ay = I((x — a)) = E1y A, (%, — a)".

For r = s = 0, (2.3) reduces to the Gauss rule; for r = 1, s = 0, to the left Radau
rule; for r = 0, s = 1, to the right Radau rule; for r = s = 1, to the Lobatto rule. If
we define

E[f1=1[f]-L[f],

then E,[f] = 0 whenever f is a polynomial of degree less than 2n + r + s.
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We shall frequently need to consider some fixed point y € (a, b) at which f(x)
may, or may not, have a singularity. Throughout x,, X;,, X,(,, denote the points
from {x,9, X,1,-++» X, X, n+1} Which are, respectively, the closest to y, the closest
from the left to y, and the closest from the right to y. More precisely,

|Xc(,,)—y|= min{|x,,j—y|: j=0,1,...,n + 1},
Y= Xymy=min{y—x,:x, <y},
Xy~ Yy =min{x,; =y x,; >y}

When x,,, is not uniquely defined by the above, which is the case only when y is
midway between x,,, and x,,), we take x,,, = x,,,. We let

r(n
In*[f]= Z Anjf(xnj)’
=1
jiC(n)

so that I* avoids the singularity by omitting the closest abscissa to it. Further, we
let

EXf1=1I[f]1-L}f]
Similarly, we define

In**[f] = Z }\njf(xnj)’
j=1
J#I(n),r(n)
so that I** avoids the singularity by omitting the closest abscissas from the left and
right to y. Further,

EX*[f1=1[f]1-L*[f]
We Iet Ay, Ayny» Ay denote the coefficients corresponding to X .y, X/(nys Xr(n)s
respectively. Similarly, x .1, A, +1 denote x, .,y 4y and A, .,y and so on.
Note that x,,) = X;;)41-
Definition 2.1. We shall say that the integral of w(x) is bounded above and below
near y,w € IB(y), if there exist positive constants m and M such that

(2.6) m<(n-x)"[To(x)a< M
X1

for all x,, x, in a neighborhood of y.
Thus the Jacobi weight w(*#)(x) € IB(y) for all y € (—1,1).
The usual symbols O, 0o, ~, = will be used to compare sequences and functions.
For example, if (c,), (d,) are sequences of real numbers,
¢, = 0(d,) = limsup|c,/d, | < o,
n—=o0
¢,=o(d,) e lim c,/d,=0,
n— oo
c,=d,* lim c,/d, =1,
n—o0

cn~dn©K1<cn/dn<K2’

for all large enough n, where K, and K, are positive constants.
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Definition 2.2. Let ¢ be a finite real closed interval. If f € C[¥¢], the modulus of
continuity of f in ¥ is

w (9; €) = max{| f(x;) = f(x,)]: |%; — x,| < & x;,x,€ &} foranye>0.
We say f€ Lip(d) in ¢ where 0 <0< 1 if w(¥; ¢ =0(), and we say
f € Lip(8; n) in ¢ where 6 > 0 and 7 is real if w/(¥; &) = O(&llog e =™).

Definition 2.3. Let 9 be a real interval. Let k be a positive integer. We shall say f:
Z — R s k-absolutely monotone in ¢ (k-completely monotone in ¥) if

fO(x)=0, xe€9, j=0,12,... k,
(-D)fP(x)=0,x€ 9, j=0,1,2,...,k).

If f is k-absolutely monotone in ¢ (k-completely monotone in ¢) for all positive
integers k, we shall say f is absolutely monotone in ¢ (completely monotone in ¥).

(2.7)

3. Basic Lemmas. The Markov-Stieltjes inequalities in Lemmas 3.2 and 3.3 depend
on the following fundamental lemma:

LemMA 3.1. Let f be (m + 1)-absolutely monotone in [a, §] with strict inequality
holding in (2.7). Let P(x) be a polynomial of degree at most m. Let

m, = total multiplicity of zeros of f — P in [a, ¢],
m, = total multiplicity of zeros of P in [£, b].
Thenm; + my, < m+ 1.

Proof. Freud [1, Lemma 1.5.3] gives a proof for the case (— o0, {] and [£, o0). By
substituting [a, £] and [£, b] for (— o0, £] and [£, o) respectively throughout his
proof, we see that our statement is also true. 0O

LEmMMA 3.2. Let f(x) be (2n — 1 + s)-absolutely monotone in |a, x,,) for some
n>1,1—r<k<n+s.Then

1)
k—1 X
> A, if(x,,) <f f(x)w(x)dx.
J=1-r a

(ii) If, in addition, f(x) is 2n — 1 + s)-absolutely monotone in [a, x,,], then

_;_ Ay f(x,,) > / " f(x)e(x) dx.

J r

In particular,

k-1 .
Y >\nj</ “o(x)dx <

k
> A, I<k<n+s.
j=1-r =1-

j r

Proof. (i) Define a polynomial p(x) of degree <2n—2+ sbythe2n—-1+s
interpolation conditions

(3.1A) p(x,,) = {f(xn,), J=12,...k-1,

0, j=k, k+1,....n+s;

f’(x )’ j=1,2,...,k—l,
3.1B (%) = "
( ) p'(x,;) {0, j=k+1,k+2,...,n.
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We shall assume initially that strict inequality holds in (2.7). Let § € (x,, 4 _1, X ).
Then by (3.1A, B), f — p has m; > 2k — 2 zeros in [a, §] and p has m, > 2n — 2k
+ 1 + s zeros in [£, b). Thus m; + m, > 2n — 1 + s = deg(p) + 1. By Lemma 3.1,
we have m; + m, <2n—1+s. Thus, m; =2k —2and m,=2n—-2k+1+s,
and the only zeros of f — p and p in [a, £] and [, b], respectively, are already listed
in (3.1A, B). As all zeros of f — p in (a, £] are double zeros, it follows that f — p
does not change sign in (q, ] for any ¢ < x,,, and hence f — p does not change sign
in (a, x,;). As p(x,;,) = 0, we deduce

(32) f(x)=p(x),  x€[a,x).
Next, as £ > x, ,_, was arbitrary, it follows p(x) has 2n — 2k + 1 + 5 zeros in
(X,.x—1» b], these being listed in (3.1A, B). Since p(x, ;_;) = f(X,,-;) > 0 and as

p(x) has a simple zero at x,, and double zeros at x,,;, j=k+ 1, k+2,...,n,it
follows that p(x) changes sign at x,,, and
(3.3) 0>p(x), x€[x,,b]
Then by (3.2) and (3.3), and by (3.1A),
X, n+s k—1
[T e [Mp(x)e(x)dr= £ Ap(x,)= T Ayf(x,).
a Jj=1-r Jj=1-=r

Finally, if strict inequality does not hold in (2.7), f.(x) = f(x) + ee* satisfies (2.7)
with strict inequality for any € > 0. Applying the above inequality to f,, and letting
¢ = 0 + , we obtain the more general inequality.

(ii) is similar: One defines a polynomial P(x) of degree < 2n — 2 + s by

P(x, )= f(xn))s J=1,2,0000k,
nj 0, j=k+Lk+2,...,n+s;
P’(x )= f’(xnj)3 j=l,2,..,,k—1,
nj 0, j=k+1,k+2,...,n

and uses Lemma 3.1 to deduce
f(x) < P(x), xe&la,x,]
0 < P(x), x € [x,,,b].
For (2n — 1 + r)-completely monotone functions, there is the following corollary.

LEMMA 3.3. Let f(x) be 2n — 1 + r)-completely monotone in (x,,,b] for some
n>1,1< k< n.Then
(@)
n+s

L A f(x,) < f f(x)a(x) dx.

Jj=k+1

(ii) If, in addition, f(x) is 2n — 1 + r)-completely monotone in [x,,, b], then

n+s

L) > f f(x)w(x) dx.

Proof. See [2].
The following lemma on the asymptotic behavior of coefficients and abscissas will
be useful in the sequel.
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LEMMA 3.4. Assume that w(x) € IB(y) for y € (a, b). Then there exist positive
constants c,, ¢,, ¢, €, and a neighborhood 9 of y such that for alln and j, 1 < j < n,

(3.4)

(1) xnjeg=>c1/n<xn,j+1_xnj<c2/n’

(i) x,,€F=c/n<A,; <cy/n.

Proof. (i) See [2].
(ii) By Lemma 3.4(ii) in [2], the Christoffe]l numbers A, ; satisfy (ii). Hence, by
(2.4), (ii) holds. O

4. Interior Singularities, Part 1. In this section, we investigate the asymptotic
behavior of E,[f], where f(x)=|x —y|"% or —log|x — y|. First, however, we
establish our basic error estimate which may be applied to functions with a
singularity on either one or both sides of y.

LeEMMA 4.1. Let f(x) be 2n — 1 + s)-absolutely monotone in [a, y) and (2n — 1
+ r)-completely monotone in (y, b). Then

@
(4.1) f"""’f(x)w(x)dx <EF[/1< [ f(x)o(x) dx.
() If y # X (),
Xr(n) i Xr(n)
(4.2) f(e(x)dx = T A, f(x,) < E[f1< [ f(x)o(x) ax.
Xi(n) Jj=I(n) Xi(n)
(iii) Ifj is the integer such that j € {I(n), r(n)}\ {c(n)}, then
(4.3) EX[f1=EX*[f]1-X,;f(x,)).
(lV) Ify = xc(n),
(4.4) 0<EX[f1< [ f(x)e(x)dx.

Xi(n)—~1

Proof. See [2].
We can now prove a general theorem for “2-sided” singularities:

THEOREM 4.2. Let (a, b) be a finite interval and y € (a, b). Let w(x) € IB(y).
Let f(x) be absolutely monotone in [a, y), completely monotone in (y,bl, and let
f(y) = 0. Further assume f(x) grows at roughly the same rate on both sides of y as
Xx — y, that is

(4.5) fly—u)~f(y+u) asu-0+.
Letp, = [ 1,, f(x)dx,n=1,2,3,.... Then

@ EX*[f1~ pp

(i) EX[f]= O(n,),

(lll) En[f] = O(y‘n) - Ac(n)f('xc(n))s
and X, ~n""

Proof. See proof of Theorem 4.3 in [2].
Thus the rate of convergence to 0 of the error, where the singularity is avoided
using I* or I** is determined by the asymptotic behavior of u,. As a first
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corollary, we have

COROLLARY 4.3. Let (a, b) be a finite interval and y € (a, b). Let

-8
fx)={1x=21 " xe(ab)\{y},
0, x =y,

where 0 < 8§ < 1. Assume w € IB(y). Then

() EX*[f]1~n"1*3,

(ii) EX[f]1= O(n~'*?),
and there exists 8, € (0,1) such that, whenever 8 € (8, 1), we have
(4.6) Eplf]~n1+s,

(ii) For those positive integers n for whichy # x ),

-8 _ _ -8
(47) En[f] = _Ac(n)lxc(n) _yl + O(n 1+8) = O(n ll'xc(n) _yl )9

where A, ~ n~".

Proof. See proof of Corollary 4.4 in [2].
Next, we have a corollary for logarithmic singularities.

COROLLARY 4.4. Let (a, b) be a finite interval and y € (a, b). Let

£(x) = {O—log|x -yl, x f (a,5)\{»},
, x=y.

Assume w € IB(y). Then
(i) EX*[f]~ n"'logn.
(i) EX[f]1= O(n~"logn).
(i11) For those positive integers n for whichy # X ...,
En[f] = _Ac(n)loglxc(n) _yl + O(n_llogn) = O(n_lloglxc(n) _yl)’

where X,y ~ n~ .

Proof. See proof of Corollary 4.5 in [2].
In our next corollary, we have the following analogue of Theorem 2 in Rabinowitz
[4], for the case where y = cos(mp/q) with p/q a rational number.

COROLLARY 4.5. Let (a,b) = (—1,1) and let w(x) be the Jacobi weight function
(@B (x), where a + s, +r= +1/2 and a,B > —1. Let y = cos(mp/q), where
p/q is a rational number in (0,1).

W If

f(x)={|x—y|‘s, xe (-LD\(»},
0, x=y,
where 0 < 8 < 1, then E,[f]1= O(n~1*9).
(1) If
f(x)={o—loglx—y|, iii—l,l)\{y},
then E,[f] = O(n~'logn).
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Proof. See proof of Corollary 4.6 in [2].
In our final corollary, we extend the results of Corollary 4.5 for more general
Jacobi weights.

COROLLARY 4.6. Let (a,b) = (—1,1) and let w(x) be the Jacobi weight function
w@P)(x), where a and B satisfy the following conditions in addition to the conditions
a,f > —1:

(4.8) —l<a+s=B+r or —-3i<a+s,B+r<i.
Let y = cos(mp/q), where p/q is a rational number in (0,1). Then the conclusions of
Corollary 4.5 hold.

Proof. In [5], it was shown that |y — x| > ¢/n for large n such that y # x,,.
The rest of the proof is the same as that of Corollary 4.6 in [2]. O

5. Interior Singularities, Part 2. We now prove results of a different character to
those of Section 4. For example, we show that, for almost all choices of y,

E,,[lx —y|_8] = O(n‘“”(logn)s(loglogn)’8),
where £ > 1, and that this result is substantially the best possible. This is the
analogue of Theorem 3 in Rabinowitz [4].

THEOREM 5.1. (i) Assume w(x) € IB(y) for each y interior to the interval (a, b).
Then, given € > 1, there is a set &, in (a, b) of linear Lebesgue measure zero with the
following property:

(5.1) E,,[lx —yI_S] = 0(n"1**%(logn)* (loglogn)*’)
forall 0 < § <1, whenevery & &..

Hence, if § < %, E,[|x — y|™°] > 0 as n > oo for almost all y € (a, b).

(ii) Assume (a,b) = (—1,1) and that w(x) is the Jacobi weight function w*F)(x),
where a + s, B+ r= + L and a, 8 > —1. Then there is a set & in (—1,1) of linear
Lebesgue measure zero with the following property:

En[|x —yI_S] > en~*?%(logn)® (loglogn)®

for infinitely many integers n and for all 0 < 8 <1, whenever y &€ &. Here c is a
positive constant independent of n, y and 6.

Hence, if § > 1, E,[|x — y|"%]1» 0 asn - oo for almost ally € (—1,1).

(iii) Assume (a, b) = (—1,1), and that w(x) is the Jacobi weight function &*P)(x),
where a and B satisfy (4.8). Then, if y = cos w§, where £ is an irrational number, then

En[lx —)’I_sl ‘ >cn 128

for infinitely many integers and all 0 < § < 1.

Proof. (1) See [2].

(ii) See [2] with », B replaced by a + s, 8 + r, respectively.

(iii) In [5], it was shown that |y — x| < c,/n? for infinitely many integers n.
Applying Corollary 4.3(iii) and Lemma 3.4(ii), we have that

-8 -8 _ cyfc;\78 ~
E,,[|x—y| H:)\C(n)|xc(")—y| +0(n 1+s)>73(__1_) = cn-1+28

S

for infinitely many n and all0 <6 <1. O
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Note that (loglogn)®® in (5.1) may be replaced by (loglog n)%(log loglog n)®, and
so on. Similar remarks apply to part (ii) of the above theorem. The proof of the
following result is similar to that of Theorem 5.1.

THEOREM 5.2. Assume w € IB(y) for each y interior to the finite interval (a, b).
Then there is a set & of linear Lebesgue measure zero (even further of Hausdorff
dimension zero) such that E,[—log|x — y|[] = O(n~!logn) whenevery & &.

The results in Theorems 5.1(i) and 5.2 are the best possible in that they cannot
be improved to include all real numbers in (a, b). This is shown by Example 1
in [5], where a number j and a subsequence I, [f] of the sequence of Gauss
rules (r = s = 0) are constructed for which I, [log|x — [ does not converge to
Iflog|x — 7.

6. Endpoint Singularities. We discuss here the case where the singularity is at the
right endpoint b. All the results can be easily rewritten for the case when the
singularity is at a. If we define the value of the integrand at b to be f(b) = 0, we see
that in all cases,

Llf]= i Anif(xni)’

i=1—r
Nevertheless, in our next lemma, we shall have to distinguish between the cases
s = 0 and s = 1. Even though the end result is the same, the proofs are different.
Before stating our lemma, we note that for endpoint singularities, there is no need to
omit any abscissas, so that we can restrict ourselves to the study of E, [ f].

LEMMA 6.1. (a) Let f(x) be (2n + r + s)-absolutely monotone in [a, b) such that
lim,_, , f(x) = oo and define f(b) = 0. Then

(6:1) max{ [* f(x)a(x)dx = Ay (2,,).0) < B[] < [ f(x)(x) dx.

(b) Let f(x) be 2n + r + s)-completely monotone in (a, b] such that lim, _, , f(x)
= oo and define f(a) = 0. Then

(62) max{ [ f(x)a(x) dx = Anf(xn).0) < B[] < [ f(x)a(x) .
Proof. (a) By Lemmas 3.2(i) and (ii),

n—1 X n
an_[f('xnj)S f(x)w(x)dx< anjf(xnj)
j=1 a j=1

= LI 1= Al () <1171 = [° f(x)0(x) dx < L[],

Xnn

It remains to show that I,[f] < I[f]. When s = 1, this follows from Lemma 3.2(i)
with k = n + 1 since I,[f]=X}.,_,A,;f(x,;). When s =0, we shall prove that
I[f] < I[f] using the ideas in Freud’s proof of LemmaIIl.1.5in [1], which appears
to be faulty.

Let € > 0 be arbitrary and define f, = f(x) + ex?"*". Let H(x) be the poly-
nomial of degree 2n + r — 1 satisfying

H('xnj) =fe(xnj)’ j=1-r()n,
H'(x,;) = f/(x,;), j=1D)n.
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As is well known, I,[f,] = I,[H] = I[H]. Hence, it suffices to show that G(x) > 0
in (a, b), where G(x) = f(x) — H(x), since this implies that I,[f.] < I[f], and by
letting & tend to zero, we get that I,[f] < I[f]. Now, since f(x) = o0 as x = b,
G(x) > 0 in a neighborhood of b. Furthermore, G(x) has n double zeros in (a, b),
and when r = 1, it has a simple zero at x = a for a total of 2n + r zeros. Now, if
G(xy) < 0 for some x, € (a, b), then G(x) would have a zero of odd multiplicity at
some point in (a, b) and the total number of zeros would be at least 2n + r + 1. By
Rolle’s theorem, there would exist a point ¢ € (a, b) such that G?"*"(¢) = 0. But
H@+(x) =0 and f@"*(&) = fP"+D(¢) + e(2n + r)! > 0,since f@"*(x) > 0
in (a, b). This contradiction proves our result.

(b) is similar. O

Unfortunately, the behavior of A,,, b - x,,, x,, — X, ,_;, and so on, have not
been thoroughly investigated for general weights and there seems to be no analogue
of Lemma 3.4. Thus we are not able to prove results as general as those in Sections 4
and 5, but can prove results for the generalized Jacobi weight functions. These
weight functions were studied by Nevai and others and are defined as follows:

Definition 6.2 [3]. w is a generalized Jacobi weight function (w € GJ) if w can be
written in the form

(63) 0(1) =¥(x)(a =) [Tt = 2" (1 + )"

for —1<x<1, where —-1<¢,<t, ;< -+ <t4<1, m>0, a,B,v,> —1,
k=1,...,mand ¢ > 0 satisfies y *! € L*[—1,1].

Note that if w € GJ, then for any y € (—1,1) such that y #¢,, k=1,..., m,
w € IB(y). Hence, the results of Sections 4 and 5, in particular Corollaries 4.3 and
4.4 and Theorems 5.1(i) and 5.2, hold for generalized Jacobi weight functions.

The two basic properties of GJ weights that we need are given in [3, p. 673].
Taking into account that if w € GJ, then @ € GJ, these properties are

(6.4) 1-c¢/n*<x,,<1-cy/n?
(65) C3(1 - x"")“+1/2+3/n < _Ann < C4(1 ~ Xpn “+1/2+5/n

where, as before, x,, is the nth root of the polynomial of degree n orthogonal with
respect to @w(x), and A,, is the Christoffel number corresponding to x,,. The
positive constants ¢;, ¢,, ¢; and c, are independent of n.

9

THEOREM 6.3. Let (a,b) = (—1,1) and let w(x) be a generalized Jacobi weight
function as given by (6.3). Then

(a) EJQ —x)%l=0(n"2%"2*2) jf ¢ — 8> —1 and & > 0. Further, there
exists a positive m such that

En[(l - x)_'s] ~n"27 242 yhenever§ € (1 4+ a—1n,1 + a).
(b) E,[—log(1 — x)] = O(n~2*"%logn).

Proof. (a) When m > 1 in (6.3) we choose n sufficiently large so that x,, > f,.
Then, by (6.1) and (6.4), '

0< En[(l - X)_8] <c(l+a-—- 8)_1(1 - x’m)p""“s = O(n—2a-2+2%)

for some positive constant c.
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Further, by (6.5),

kY -8
- Ann(]‘ ~ Xpn > _c_3(1 —x )a+l/2—8
(1+x,,) (1= x,,)" ~ 2 " '

Annf(xnn)

Hence, by (6.1),

E[1-07T5 [M a() -0 dx - 351 - x,)

nn

—8+a+1
>é(]‘_'xnn)
1+a-239)

— (=) " e - 2057

4 1/2-8
- (1 -x,)"

1+a-
—8+atl ¢ €3 _
> 0= x) g - 3

Hence
A37>03E,[(1-x)"°] > c(1 - x,,)*"°
whenever § € (1 + a — 7,1 + a); i€,
E,,[(l _ x)_S] ~ p-2a-2+28

(b) is similar to the first part of (a). O
For Jacobi weights, we obtain the following more precise result.

THEOREM 6.4. Let (a,b) = (—1,1), and let w(x) be the Jacobi weight function
w@B)(x), a, 8 > —1. Let J(x) be the Bessel function of the first kind of order v and
Ja1, its first positive zero, where v = a + s.

(@) Let 0 <8 <1+ aand
s, = 27B(j2/2) 7 " P n2er2-28(1 4 o — 8)E,[(1 - x) 7).

n

Then
(6.6) max{0,1 — c2(»)(1 + a« — 8)} < linn_x)ior;f 5, < liﬂs;p s, <1,
where
(6.7) co(v) = 2/(jud, ()

(b) Let

t,= 27873 j2,/2) 7 " n 2 (logn) (1 + @) E, [ ~log(1 - x)].

Then
(6.8) max{0,1 — c2(»)(1 + o)} < liminf £, < limsup 1, < 1.

n— oo

Proof. For the Jacobi weight function we have that

a(x)=(1-x)"Q+x)"*".
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Now, by Theorem 8.1.2 in Szego [6] (cf. [2, p. 233]),
(6.9) lim n2(1 - x,,) =ji/2.

nh— oo
Hence,

/1 (1 - x)Pw(x)dx =281 - x,,) /(1 + a — 8)
(6.10) o

1+a-8

=20(j2/(2n?) " /(1 + a = ),

by (6.9). Further, by (15.3.11) in Szegd [6, p. 350],
K= 2081/ (/) e,
so that
}‘nn(l - "Cnn)_'s = 7‘nn(l ~ Xpn _S_S(l + xnn)_r
= 2 2 (G} 2R/ ?)

Then (6.6) follows easily from (6.1), (6.10), (6.11), and (6.7).
(b) is similar. O

(6.11)

7. Interior Singularities for More General Functions. We now extend the results of
Sections 4 and 5 to the function f(x)= ¢(x)g(x), where g(x) is smooth and
é(x)=|x — y|7% or ¢(x) = —log|x — y|. Throughout, without further mention, we
assume y € (a, b).

We state first our result on avoiding the singularity.

THEOREM 7.1. Assume w(x) € IB(y). Assume g € Cla, b].
(i) Let f(x) = |x — y|"%(x), x € [a,b]\ ()}, where 0 < § < 1.
(a) If g € Lip(1 — 8) in [a, b] and g € Lip(1) near y, then

Ex[fl=0(n"'"%),  EXfl=0(n"1"?).

(b) If, further, there exists 0 <& <& such that g € Lip(1 — ¢) in [a,b] and
g’ € Lip(8 — &) neary, and if g(y) # 0, then

EX<[f1~g(y)n=1*.

Further, EX[f] ~ g(y)n~'*% if § is close enough to 1.

(i) Let f(x) = (—log|x — y)g(x), x € [a,b]\ {y}.
(a) If g € Lip(1; —1) in [a, b] and g € Lip(1) near y, then

EX*[f]=0(n""logn), EX[f]=0(n""logn).

(b) If, further, there exists 0 < n < 1 such that g € Lip(1; —1 + n) in [a, b] and
g’ € Lip(0; m) neary, and if g(y) #+ 0, then

EX*[f]~g(y)n~'logn.

Proof. See the proof of Theorem 7.5 in [2].
The following result analyzes the error when the singularity is ignored.
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THEOREM 7.2. (1) Assume w(x) € IB(y) for each y interior to (a,b). Then, given
€ > 1, there is a set &, in (a, b) of linear Lebesgue measure zero with the following
property: If g € Lip(1) in [a, b], then

E,|Ix =y "g] = 0(n~1*?3(1og n)° (loglog n) ")

for all 0 < § < 1, whenevery & &..

Hence, if 8 < %, E,[|x — y|™%] = 0 asn — oo for almost all y € (a, b).

(i) Assume (a,b) = (—1,1), and w(x) is the Jacobi weight function ‘*P)(x),
where a + s, B+ r= + 5. Then there is a set & in (—1,1) of linear Lebesgue

measure zero with the following property: If g € Lip(1) in [a, b], then

_8 _
E,[1x -y’ | > clg(y)In~1*(og )’ (toglog )’

for infinitely many integers n and all 0 < 8 < 1, whenever y & &. Here c is a positive
constant independent of g, n, y, and 8.

Thus, provided the set of zeros of g has linear Lebesgue measure zero, and if § > %,
E [Ix — y| %]+ 0 asn — oo for almost all y € |a, b].

(iil) Assume (a, b) = (—1,1) and that w(x) is the Jacobi weight function w*F)(x),
where a and B satisfy (4.8). Then, if y = cos w§, where § is an irrational number, and
g € Lip(1) in [—1,1), then

En[Ix —yl_sg] ‘ > clg(y)|n—1+28

for infinitely many n and all 0 < 8 < 1. Here, c is a positive constant independent of g,
n, and 8. Hence, foranyy 2 g(y)# 0, if 8§ > %, E,[|x — y| %]+ 0 asn - oo.

Proof. See the proof of Theorem 7.6 in [2].
In a similar fashion, one can use Theorem 5.2 to prove the following result for
ignoring a logarithmic singularity:

THEOREM 7.3. Assume w(x) € IB(y) for each y interior to (a, b). Then there is a
set & of linear Lebesgue measure zero (even further of Hausdorff dimension zero) with
the following property: If g € Lip(1) in [a, b), then

E,[(~log|x — y|)g] = O(n"'logn), whenevery & &.

8. Endpoint Singularities for More General Functions. In extending the results of
Section 6 to more general functions, we shall assume throughout that (a, b) = (—1,1)
and that w(x) is a generalized Jacobi weight function given by (6.3). Our main result
for endpoint singularities is as follows:

THEOREM 8.1. (i) Let 0 <8 <min{l,1 + a}, and let | be the smallest integer
> 2(1 + a — 8). Let g € C'[—1,1] and assume there exists n > 0 such that g'"(x)
€ Lip(8; n) near 1. Then

E,[(1-x)"%g] = 0(n-21+a-0),
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(ii) Let k be the smallest integer > 2(1 + a). Let g € C*[—1,1] and assume there
exists m > 1 such that g¥)(x) € Lip(0; 1) near 1. Then

E,[(log(1 - x))g] = 0(n~2"*logn).
Proof. See the proof of Theorem 8.2 in [2] with » replaced by a.
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